The Christodoulou memory is a nonlinear contribution to the gravitational-wave field that is sourced by the gravitational-wave stress-energy tensor. For quasicircular, inspiralling binaries, the Christodoulou memory produces a growing, nonoscillatory change in the gravitational-wave "plus" polarization, resulting in the permanent displacement of a pair of freely-falling test masses after the wave has passed. In addition to its nonoscillatory behavior, the Christodoulou memory is interesting because even though it originates from 2.5 post-Newtonian (PN) order multipole interactions, it affects the waveform at leading (Newtonian/quadrupole) order. The memory is also potentially detectable in binary black-hole mergers. While the oscillatory pieces of the gravitational-wave polarizations for quasicircular, inspiralling compact binaries have been computed to 3PN order, the memory contribution to the polarizations has only been calculated to leading order (the next-toleading order 0.5PN term has previously been shown to vanish). Here the calculation of the memory for quasicircular, inspiralling binaries is extended to 3PN order. While the angular dependence of the memory remains qualitatively unchanged, the PN correction terms tend to reduce the memory's magnitude. Explicit expressions are given for the memory contributions to the plus polarization and the spin-weighted spherical-harmonic modes of the metric and curvature perturbations. Combined with the recent results of Blanchet et al. [Class. Quantum Grav. 25, 165003 (2008)], this completes the waveform polarizations to 3PN order. This paper also discusses: (i) the difficulties in extracting the memory from numerical relativity simulations, (ii) other nonoscillatory effects that enter the waveform polarizations at high PN orders, and (iii) issues concerning the observability of the memory in gravitational-wave detectors.
I. INTRODUCTION
The primary purpose of this paper is to compute the post-Newtonian (PN) corrections to the nonlinear memory piece of the gravitational-wave (GW) polarizations for quasicircular 1 , inspiralling binaries. We begin by reviewing the gravitational-wave memory (Sec. I A) and then motivate its further study (Sec. I B). A summary of results is given in Sec. I C.
A. What is gravitational-wave memory?
Gravitational-wave memory refers to the permanent displacement of an "ideal" GW detector after the GW has passed. An ideal detector is one which is only sensitive to gravitational forces-e.g., a ring of freely-falling test-masses-and is isolated from local tidal interactions. After the passage of a GW without memory, the detector returns to its initial state of internal displacement (its state long before the passage of the wave). After the passage of a GW with memory, the initial and final displacement states differ.
There are two types of GW memory: linear and nonlinear. The linear memory has been known since the 1970s * Electronic address: favata@kitp.ucsb.edu 1 quasicircular means that the binary orbit is circular up 2.5PN order radiation-reaction effects that cause the binary to slowly inspiral. where I ij is the source mass-quadrupole moment, R is the distance to the source, TT means to take the transversetraceless projection [Eq. (2.
2)], and the ∆ refers to the difference between late and early times. Geometric units (G = c = 1) are used here and throughout.
A simple example of a source with linear memory is a binary on a hyperbolic orbit (gravitational two-body scattering) [4, 5, 6] . To see this consider the TT piece of the second-time derivative of the mass-quadrupole moment at Newtonian order and in the center-of-mass frame:
where µ = m 1 m 2 /M is the reduced mass, M = m 1 + m 2 is the total mass, x j is the relative orbital separation vector with magnitude r,ẋ j is the relative orbital velocity, and we have replaced second-time derivatives with the equation of motionẍ j = −M x j /r 3 . If we take t = 0 to be the time of closest approach, then at very early (t → −∞) and very late (t → +∞) times the relative velocities will be finite (v ∞ = 2E/µ where E is the orbital energy), while the second term in Eq. (1.2) falls off like 1/r and is negligible. The memory for a hyperbolic binary thus arises from the difference in the direction of the velocity vectors at late and early times:
Other systems with linear memory are those whose components change from being bound to unbound (or vice versa). These include binaries whose components are captured, disrupted, or undergo mass loss. Gravitationalwaves with linear memory have been studied in the context of supernova explosions and their resulting neutron star kicks [7, 8, 9, 10, 11, 12, 13] , asymmetric mass loss due to neutrino emission [7, 13, 14, 15, 16] (see Ref. [17] for a recent review), or gamma-ray-burst jets [18, 19, 20] . Linear memory can also arise from GW recoil in binary black-hole mergers [21] . Sources whose components remain bound generally do not display linear memory (but see Sec. V B for a caveat).
A general formula for the linear memory produced by a system of N bodies with changing masses M A or velocities v A is given by Thorne [22] (also Ref. [3] ): 4) where the masses are unbound in their initial or final states (or both), the ∆ means to take the difference between the final and initial values of the summation, and N is a unit vector that points from the source to the observer. For example, the masses M A and velocities v A might refer to two or more particles on a scattering orbit (as discussed above), or they might refer to the various pieces of a star that becomes unbound. This formula is essentially the standard Liénard-Wiechert solution of the space-space part of the linearized Einstein equations (with a source term given by the stress-energy tensor of N noninteracting point particles). The nonlinear memory was discovered independently by Payne [23] , Blanchet and Damour [24, 25] , and Christodoulou [26] .
It is often referred to as the "Christodoulou memory." The nonlinear memory 2 arises from a change in the radiative-multipole moments that is sourced by the energy flux of the radiated gravitational waves. One can heuristically understand the origin of the nonlinear memory as follows: Consider the Einstein field equations in harmonic gauge [27] : 2 Throughout this paper the terms "nonlinear memory" and "Christodoulou memory" are used interchangeably. When not otherwise specified, "memory" refers to the "Christodoulou memory".
is the gravitational-field tensor 3 , g is the determinant of the metric g αβ , T αβ is the matter stress-energy tensor, t αβ LL is the Landau-Lifshitz pseudotensor, 2 ≡ −∂ 2 t + ∇ 2 is the flat-space wave operator, a comma denotes a partial derivative ( ,µ ≡ ∂ µ ), and ∇ 2 is the flat-space Laplacian. While there are many nonlinear terms that enter the righthand side of Eq. (1.5a), there is a particular piece of t jk LL [see the last term of Eq. (2.7) in Ref. [29] ] that is equal to the GW stress-energy tensor [30, 31] :
(1.7) where dE gw dtdΩ is the GW energy flux, n j is a unit radial vector, the angle-brackets mean to average over several wavelengths, h TT ab =h TT ab , and we have used the planewave approximation h TT ab ≈ F ab (t−R)/R+O(R −2 ). When applying the standard Green's function to the right-hand side of Eq. (1.5a), this piece-proportional to the energy flux of the emitted GWs-yields the following correction term to the GW field [32] :
(1.8) where T R is the retarded time. This equation shows that part of the distant GW field is sourced by the loss of GW energy. Note that while the magnitude of the nonlinear memory approximately scales with the total radiated GW energy ∆E gw , the angular-dependent unit vectors in the integrand of Eq. (1.8) imply that the nonlinear memory is not directly proportional to ∆E gw . The memory should not be mistaken as a change in the monopolar piece of the 1/R expansion of the metric. Rather it is a change in the quadrupolar (and higher-order) pieces of the 1/R part of the TT projection of the asymptotic spatial metric (see Sec. II D below).
Since the nonlinear memory occurs in any system that radiates GWs, systems that are usually considered to have vanishing linear memory (such as bound binaries) have a nonvanishing nonlinear memory. Thorne [22] has shown that the nonlinear memory [Eq. (1.8)] can be described by his formula for the linear memory [Eq. (1.4)] if the unbound objects in the system are taken to be the individual gravitons with energies
1/2 and velocities v j A = c n ′j A . The correspondence between these two equations also holds for null sources that contribute only to the linear memory. For example, the linear memory from a massless neutrino (or any other null particle) can be described either as a discrete sum over the memory from each individual particle [Eq. (1.4)], or by replacing the GW energy flux in Eq. (1.8) with the energy flux of neutrinos [15] . 3 Different notations forh αβ are used in the literature. For example, Blanchet [28] and Will and Wiseman (WW) [29] both use the symbol h αβ , but their conventions differ by a sign:
However, all agree on the sign convention for the waveform h TT jk .
The leading-order PN expansion of Eq. (1. where I (3) ij is the third-time derivative of the sourcequadrupole moment. If we specialize to quasicircular, inspiralling binaries with total mass M = m 1 + m 2 , reduced mass ratio η = m 1 m 2 /M 2 , and angular orbital frequency ω(t), the integrand of Eq. (1.9) contains oscillatory terms proportional to η 2 (M ω) 10/3 e ±4iωt and nonoscillatory terms proportional to η 2 (M ω) 10/3 . When performing the time integration, the oscillatory terms are effectively multiplied by the orbital timescale T ω ∝ 1/ω:
(1.10a)
while the nonoscillatory terms are effectively multiplied by the radiation-reaction timescale
This shows that while the oscillatory pieces of δh TT jk are a 2.5PN correction to the waveform amplitudes, the nonoscillatory piece enters at the same order as the familiar quadrupole-order piece of the waveform:
The Christodoulou memory is a unique and interesting manifestation of the nonlinearity of general relativity. Analytic computations of gravitational radiation involve many types of nonlinearities, the origins of which are often obscured by the complex, iterative algorithms involved in solving the Einstein field equations. The Christodoulou memory, however, has a clear physical interpretation: It arises from the loss of GW energy from the system and the effect of this loss (through the GW stress-energy tensor) on the system's radiative mass-multipole moments. For 4 This also follows from the approximate scaling of the nonlinear memory with the total radiated energy, δh TT jk ∼ ∆E gw /R. Since the energy radiated during the inspiral is equal to the change in the orbital energy, ∆E gw ≈ (ηM/2)(M/r), the nonlinear memory has the same scaling as the quadrupolar waveform h TT,(0) jk ∝ (ηM/R)(M/r), where r is the orbital separation.
comparison, GW tails are another interesting nonlinear, general-relativistic effect (see Sec. 3.4 of Ref. [33] for references). They arise from the last term in Eq. (1.5a), which modifies the flat-spacetime wave operator on the left-hand side and causes backscattering of the gravitational radiation as it propagates through the curved spacetime around the binary [34] . Tail effects enter the waveform at 1.5PN order. The Christodoulou memory, on the other hand, arises from nonlinear interactions at 2.5PN order, but affects the gravitational waveform at leading (0PN) order. Both tails and the Christodoulou memory are hereditary-their contribution to the GW field at any given retarded time depends on the entire past history of the source [see e.g., Eq. (2.21)]. However, the Christodoulou memory is especially sensitive to the motion of the source in the distant past (see Sec. V C), while tails are primarily sensitive to the recent past (see also Sec. 4 of Ref. [35] ). Tails and most other nonlinear effects that enter the waveform cause oscillatory corrections to both the + and × polarizations. In contrast, the Christodoulou memory causes a nonoscillatory shift in the amplitude of the + polarization only 5 . This amplitude shift starts small at early times (when the binary is widely separated) and slowly grows during the inspiral. As the binary components merge the memory rapidly grows and then saturates to a final value during the ringdown phase. The details of how the memory reaches its saturation value are explored in Refs. [21, 36] . Unlike tails, the nonoscillatory pieces of the memory do not affect the orbital phase of a quasicircular binary up to 3.5PN order (the highest order to which the phase has been computed), but they could modify the phase at higher PN orders 6 .
Over the past three decades the PN corrections to the oscillatory pieces of the GW polarizations have been computed [35, 37, 38, 39] , most recently at the 3PN order [40] .
These computations were motivated by the development-and finally the operation-of a global network of ground-based GW interferometric detectors [41, 42, 43, 44] . These detectors are primarily sensitive to the oscillatory components of the GW signal, as most of the signal power lies in the lowest-order oscillatory modes of the radiation (for nearly circular orbits). More recently, successes in numerical relativity (NR) [45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59] have necessitated the need for accurate PN waveforms to compare with the results of binary black-hole (BH) merger simulations [60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 5 This statement is only true for standard choices of the polarization triad (see Sec. II A). Since a rotation of this triad by an angle Ψ about the propagation direction transforms the GW polarizations via h + − ih × → (h + − ih × )e 2iΨ , a purely + polarized wave can become mixed-polarized. 6 For example (and using notation defined later), the GW luminosity L = −Ė ∝ P lm |ḣ lm | 2 will have a term proportional to |ḣ 20 | 2 which will affect the luminosity and hence the phase at relative 5PN order (see Sec. III B below for scalings). However, one should note that the oscillatory terms that arise from the memory integral [cf. Eq. (1.10a) and associated discussion] affect the phasing beginning at relative 2.5PN order. 72, 73, 74, 75, 76, 77, 78, 79] .
Computations of the nonlinear memory's contribution to the waveform have not progressed as far. Wiseman and Will [32] first calculated the nonlinear memory's leadingorder effect on the waveform polarizations for a quasicircular, inspiralling binary. Their result was confirmed 7 in Refs. [35, 40, 80] . The 0.5PN corrections to the memory were calculated in Ref. [40] and found to vanish. The primary purpose of this paper is to compute the corrections to the leading-order formula for the nonlinear memory to 3PN order.
Why are these corrections needed? First, while GW interferometers are mostly sensitive to the oscillatory parts of the GW, the memory piece of the signal could be detectable for certain sources. During a signal's observation time, the nonlinear memory causes a growing change in the signal's amplitude. This change contributes power at low frequencies. For many sources this power is swamped by the detector's low-frequency noise. But for sources with large signal-to-noise ratios-especially supermassive black-hole binaries in the low-frequency LISA [81] bandthe memory can be detectable. For example, the memory from the merger of two 10
6 M ⊙ black holes should be detectable by LISA out to a redshift of z ≈ 2 (see Fig. 3 of Ref. [36] ). The detectability of the nonlinear memory was previously considered by Thorne [22] and Kennefick [80] and is discussed further in Sec. V D below and in Refs. [21, 36] . Central to the issue of detecting the memory is knowing its magnitude, and computing higher-PN corrections to the memory will help to determine this more accurately.
Second, the comparison of PN waveforms with numerical relativity simulations could also benefit from more accurate expressions for the memory. While numerical relativity accounts for all of the nonlinear effects of general relativity, it is difficult to compute the memory accurately in these simulations: The modes of the waveform that have memory are very small and depend sensitively on the initial separation of the binary (see Sec. V C for details). The PN corrections to the memory computed here could supply initial conditions for the waveform modes in the numerical simulations. As has been done with the oscillatory pieces of the waveform [60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74] ), it will also be insightful to compare the memory calculated in future simulations with the PN expressions computed here.
Lastly, it is aesthetically pleasing to have all of the pieces-both oscillatory and nonoscillatory-of the waveform amplitudes computed consistently to the same postNewtonian order. Combined with the results of Ref. [40] , this work completes the waveform polarization amplitudes to 3PN order. 7 The factor of 2 discrepancy in the memory waveform computed in Ref. [32] is either a typo or due to a different choice of normalization for the polarization tensors in Eq. (2.3) below. Note that the relative amplitudes shown in Fig. 1 of Ref. [32] have the correct values at large separation.
C. Summary
The bulk of this paper is devoted to calculating the nonlinear memory's contribution to the + waveform polarization and its PN corrections. Readers uninterested in the details should skip to the results presented in Sec. IV. Readers uninterested in lengthy formulas can skip directly to Figs. 1 and 2 , the discussion (Sec. V), and conclusions (Sec. VI). An outline of the paper and a summary of its main results are presented here:
The necessary PN wave-generation formalism is briefly reviewed in Sec. II. Section II A gives expressions for the waveform polarizations h +,× in terms of the radiativemultipole moments. Expressions for the spin-weighted spherical-harmonic mode decomposition of the waveform in terms of the "scalar" radiative-multipole moments are also introduced. Post-Newtonian calculations of the radiative-multipole moments are usually performed entirely in terms of symmetric-trace-free (STF) tensors, and are then (if needed) decomposed into spherical-harmonic modes at the end of the calculation. However, the computation of the memory is significantly easier if one works almost entirely from the start in terms of "scalar" quantities that are the coefficients of tensor quantities decomposed on the basis of scalar or spin-weighted spherical harmonics. Sections II B and II C review the multipolarpost-Minkowskian (MPM) formalism which relates the radiative-multipole moments U L and V L to the canonical moments M L and S L and the source moments I L and J L . Section II D focuses on the hereditary contributions to the radiative multipoles: tails and memory. The results of Blanchet and Damour [25] , which serve as the starting point of the memory calculation, are reviewed. The main result of this section is Eq. (2.31), which expresses the memory piece of the radiative mass-multipole moments in terms of time and angular integrals over the GW energy flux from the source.
The main part of the memory calculation-explicitly evaluating the nonlinear memory contributions to the radiative-mass multipoles for quasicircular binaries-is detailed in Sec. III. The computation of the angular integrals is discussed in Sec. III A. Section III B discusses which (l, m) modes need to be calculated to determine the memory contribution to the waveform to 3PN order. In Sec. III C we discuss how the time integral over the past history of the source is computed. In particular we need to use a model for the adiabatic inspiral that is accurate to at least 3PN order. This model is contained in Eq. (3.19) , which gives the time evolution of the PN parameter x ≡ (M ω) 2/3 to 3.5PN order. This formula (which easily follows from the results of Refs. [82, 83] ) expresses the well-known result for the 3.5PN frequency evolution in a form that is useful for computations involving the PN parameter x.
The main results of this work are listed in Sec. IV: the 3PN memory contributions to the + polarization h + of the gravitational waveform and its spin-weighted sphericalharmonic modes h lm . Those expressions can be directly combined with the oscillatory pieces of the waveform given to 3PN order in Ref. [40] . Figure 1 illustrates the mem-ory's angular dependence and the relative sizes of the various PN corrections. The PN corrections have little effect on the memory's angular dependence, but tend to decrease the overall magnitude of the memory.
Aside from the Christodoulou memory, there are additional nonoscillatory (DC or "direct current") timevarying terms present in the waveform. Section V A discusses a new type of nonlinear, nonhereditary DC term discovered by Arun et al. [35] . Unlike the Christodoulou memory, this nonlinear, nonhereditary DC term affects the × polarization and first enters the waveform at 2.5PN order. Section V B discusses an additional class of linear, nonhereditary DC terms that enter the waveform at 5PN and higher orders. These terms arise from the effects of radiation-reaction or nongravitational forces on the source-multipole moments.
Section V C discusses the challenges in extracting the nonlinear memory from numerical simulations of binary black holes. It will be difficult for current simulations to accurately extract the memory waveform. One of the reasons for this is illustrated in Fig. 2 . Numerical relativity simulations can most accurately compute the (l, m) = (2, 2) mode of the waveform; but the nonlinear memory is present only in the m = 0 modes (for binaries orbiting in the x-y plane). For simulations that can directly compute the metric-perturbation modes h lm , the largest memory mode h 20 is an order-of-magnitude smaller than the h 22 mode. For the majority of simulations that compute the spin-weighted spherical-harmonic modes of the Ψ 4 Weyl scalar, ψ lm =ḧ lm , the situation is significantly worse: The largest memory mode ψ 20 is nearly three orders of magnitude smaller than the dominant ψ 22 mode in the late inspiral. There are also difficulties in determining the two integration constants needed when computing the h lm modes from the ψ lm modes. The memory's strong dependence on the past history of the source also introduces significant errors unless the simulations start with very large binary separations. The results of this paper could help to alleviate some of these difficulties by providing initial conditions for the m = 0 modes. Section V D discusses the detection of the memory. While the memory from a signal in the distant past is unobservable, it is possible to detect the buildup of the memory from a passing GW. Previous work by Thorne [22] and Kennefick [80] has estimated the nonlinear memory's signal-to-noise ratio in laser interferometers. However, the signal-to-noise ratio is sensitive to the details of how the memory rises to its saturation value, which previous works have not properly modeled.
Conclusions and suggestions for further work are presented in Sec. VI. Some results relegated to the appendices are potentially useful in other applications: Appendix A gives an explicit formula for the angular integral of the product of three spin-weighted spherical harmonics. Appendix B gives an explicit prescription for calculating the Weyl scalar modes ψ lm from the known expressions for h lm presented here and in Ref. [40] .
D. Notation
This paper borrows notations and conventions from Kidder [84] , Thorne [27] , and Blanchet, et al. [40] . We generally set G = c = 1, except in certain equations where we wish to make explicit the post-Newtonian or post-Minkowskian order of the various terms. We use the notation O(n) to denote post-Newtonian (PN) correction terms of order O(c −n ). Spacetime indices are denoted with Greek letters, spatial indices with Latin letters. In Sec. II B we use Blanchet's [28] notation for the gravitational field, h αβ = −h αβ (see footnote 3). Multi-index notation is denoted with a capital subscript: 
To avoid confusion with the azimuthal harmonic index m, we denote the sum of the binary's component masses as M ≡ m 1 + m 2 . This is distinct from the total binary (ADM) mass or massmonopole moment, which we denote M. Euler's constant is denoted by γ E = 0.577 21 . . .. The symbol φ denotes an azimuthal angle while ϕ denotes an orbital phase.
II. POST-NEWTONIAN WAVE GENERATION FORMALISM

A. Waveform polarizations and mode decomposition
Following Kidder [84] we begin by introducing an asymptotically-flat radiative coordinate system described by spherical coordinates (T, R, Θ, Φ) and their orthonormal basis vectors ( e T , e R , e Θ , e Φ ). The coordinate origin is the center-of-mass of the source. The retarded time in radiative coordinates is T R = T − R.
The gravitational waveforms are usually expressed as the transverse-traceless (TT) piece of the asymptotic metric perturbation decomposed into a sum over radiative mass-and current-multipole moments:
Here Π ijkl is the TT projection operator
where
The radiative mass-and current-multipole moments U L (T R ) and V L (T R ) are STFtensors, and, as discussed below, are related to the sourcemultipole moments which are defined in the near zone as integrals over the source. Equation ( 
The unit vector N points from the source to the observer. While in some calculations it is convenient to choose this direction to lie along the z axis e Z , here it points in a general direction specified by the spherical polar angles (Θ, Φ). We choose the remaining vectors in accordance with Kidder's [84] notation: P = e Θ and Q = e Φ . 8 Note that our choice of normalization implies
, for A, B = + or ×, and (2.4)
While waveform calculations usually involve computing the STF radiative multipoles U L and V L and then using Eqs. (2.1)-(2.3) to compute the + and × polarizations, it can be more convenient to compute the polarizations by performing a mode decomposition of the combination
Here the "scalar" mass and current multipoles are related to their STF counterparts by [Thorne [27] , Eq. (4.7)]
8a)
8 This choice differs from that chosen by Blanchet and collaborators [35, 40] . The Kidder [84] and Blanchet [40] polarizations are related by
There is also a difference in the overall sign of h lm between the two conventions. However the definitions of the radiative-multipole moments and h TT ij are the same in both conventions.
and * denotes complex conjugation.
The complex conjugates of these moments satisfy [Eq. (4.5) of Ref. [27] ]:
The inverse relations of Eqs. (2.8) are given by
These relationships also hold for the other mass-type and current-type multipole moments that are used elsewhere in this paper. The Y lm L are the STF spherical harmonics and are related to the familiar scalar spherical harmonics by
where n i is a general unit radial vector. They are given explicitly by Eq. (2.12) of Thorne [27] or Eq. (39) of Iyer [85] . We also note that for nonspinning binaries the h lm satisfy [Eq. (78) of Ref. [84] ]
The spin-weighted spherical harmonics are defined in terms of the Wigner d functions by
The complex conjugates of the spin-weighted spherical harmonics satisfy
Working with the "scalar" multipole moments U lm and V lm can be more convenient because it allows us to work with 2l + 1 scalars instead of the 2l + 1 independent components of an l-index STF tensor. Using the "scalar" moments also allows angular integrals over the products of unit vectors to be expressed in terms of products of spin-weighted spherical harmonics, which are more easily evaluated using computer algebra programs.
B. The multipolar post-Minkowskian formalism I:
relating the radiative and canonical moments
One of the purposes of a gravitational wave-generation formalism is to relate the radiative-multipole moments U L and V L that appear in the wavezone expansion of h TT ij [Eq. (2.1)] to some other family of multipole moments-the source-multipole moments-which are defined in terms of integrals over the stress-energy pseudotensor of the matter and gravitational fields of the source. One procedure for relating these families of multipole moments is the multipolar-post-Minkowskian (MPM) iteration scheme developed by Blanchet, Damour, Iyer, and collaborators. This method is briefly summarized here and reviewed in detail by Blanchet [28] (see also Ref. [33] for a dated but much shorter review). Other PN wave-generation formalisms are discussed in Refs. [29, 86, 87] .
The first step in the MPM procedure is a postMinkowskian (weak field) iteration of the Einstein field equations subject to the harmonic gauge condition [Eqs. (1.5) ]. This involves expanding the metric deviation h αβ ≡ √ −gg αβ −η αβ = −h αβ in powers of the gravitation constant G:
and substituting into the vacuum Einstein equations and the harmonic gauge condition, resulting in a system of wave equations,
Here Λ αβ n represents the appropriate expansion of the right-hand side of Eq. (1.5a) with T αβ = 0. The next step consists of performing a multipolar expansion of the h αβ n -an expansion in L/r where L < r is the size of the source and r is the field point. The coefficients of the powers of L/r can be expressed in terms of a new family of multipole moments. At linear order Thorne [27] has shown that the most general solution for h αβ 1 (valid outside the source and up to an infinitesimal gauge transformation that preserves the harmonic gauge condition) is given by a multipole expansion that depends on only two types of STF moments, M L and S L . These moments are referred to as the canonical or algorithmic mass-and current-multipole moments. They represent an intermediate family of moments in between the radiative and source moments.
Starting with this linear solution, each higher-order solution is generated by substituting the lower-order pieces into the right-hand side of Eq. (2.17) and solving the resulting wave equation. This results in solutions at each order that take the form of a multipole expansion depending on the canonical moments, h
Because of the singularity at r = 0 in the multipole expansion, the ordinary retarded Green's function operator 2 −1 ret yields divergent integrals. Instead one has to use a regularization procedure that consists of multiplying Λ αβ n by a factor (r/r 0 ) B , where r 0 is an arbitrary constant length scale and B is a complex number. Applying the 2 −1 ret operator, and taking the finite part of the Laurent series expansion about B → 0 yields the following solution to the wave equation at each order n (see Ref. [28] for details):
(2.18)
In order to satisfy the harmonic gauge condition as well as the wave equation, an additional piece v αβ n , which is constructed from the divergence of u αβ n and is a homogeneous solution of the wave equation, must be added to Eq. (2.18) to yield the full solution to Eq. (2.17) at order n:
This result is then transformed from harmonic coordinates (ct, x i ) to radiative coordinates (cT, X i ) via the transformation
where r 0 is another arbitrary length scale which is usually taken to have the same value as the r 0 in Eq. (2.18), and M is the mass-monopole moment 9 .
Taking the TT piece of the result and comparing with Eq. (2.1) allows one to read off the relations between the radiative-and canonical-multipole moments. The result of this procedure is listed (to the highest PN order yet completed) in Eqs. (5.4)-(5.8) of Ref. [40] . For illustration we show here the result for the radiative mass quadrupole:
9 For quasicircular binaries this is related to the sum of the pointparticle masses M by Eq. (1) of Ref. [88] :
where we have used Eq. (6.6) of Ref. [40] to express the result in terms of the PN parameter x ≡ (M ω) 2/3 for orbital angular frequency ω.
where the constant τ 0 = r 0 /c. Let us examine the various types of terms that appear in Eq. (2.21): First is the leading-order instantaneous term that depends directly on the retarded configuration of the source. This term is familiar from the standard quadrupole formalism and enters at leading order in G [although, as shown below, this term contains O(G) corrections when the M ij are expressed in terms of the source moments]. The remaining terms on the first and second lines are the nonlinear correction terms that enter at O(G 2 ) in the MPM iteration scheme. The first of these is the leading-order tail term, which affects the waveform at 1.5PN and higher orders.
10 Tails arise from the scattering of GWs off of the monopole moment M of the source [25] . The next term is the leading-order nonlinear memory, which is the primary focus of this paper. Because of the integral over the infinite-past history of the source, both the tail and memory are called hereditary terms [25] . On the second line we have nonlinear instantaneous terms that affect the waveform at 2.5PN and higher orders [89] . The last term is the cubicallynonlinear tail-of-tails term which affects the waveform at 3PN and higher orders [88, 90] . The other radiative massand current-multipole moments have analogous correction terms [40] . For the rest of this paper we will primarily concern ourselves with the terms on the first line, and, in particular, the nonlinear memory term and its corrections (see Sec. II D below).
C. The multipolar post-Minkowskian formalism II:
relating the canonical and source moments
The canonical moments M L and S L do not have simple closed-form expressions in terms of integrals over the source [28] . Instead they serve as intermediate moments that are related to a family of six types of source-multipole
The mass-and current-source moments I L and J L tend to dominate over the four remaining moments which enter as 2.5PN corrections. Expressions for all of the source moments as explicit integrals over the stress-energy pseudotensor 10 Note however that the 11/12 term in the integral is actually a nonlinear instantaneous term proportional to MM (3) ij (T R ). The same is also true for the analogous term in the tail-of-tails integral.
[τ αβ ≡ (16π) −1 × the terms on the right-hand side of Eq. (1.5a)] are found in Eqs. (85)- (90) of Ref. [28] .
The procedure for relating the canonical and source moments is discussed in Ref. [40] . To summarize, it consists of performing the same MPM iteration discussed above, except the multipole expansion of the metric deviation is in terms of the source moments instead of the canonical moments. The result is a solution h
This relationship between the two metrics can be translated into a relationship between the canonical and source moments:
where the correction terms δI L and δJ L are functions of the six source moments. These corrections modify the leading-order mass-and current-source moments at 2.5PN and higher orders and are given (up to 3PN order) by Eqs. (5.9)-(5.11) of Ref. [40] . The final step in the gravitational wave-generation formalism consists of matching the wave-zone MPM expansion of the metric in terms of the source moments with a post-Newtonian near-zone solution of the nonvacuum Einstein equations. This matching takes place in the region outside but close to the source where both approximation schemes are valid and yields an explicit relationship between the source moments and the PN expansion of the near-zone metric. Solving the PN equations of motion for the source and substituting back into the PN-expanded stress-energy pseudotensor τ αβ (which depends on the metric and matter stress-energy tensor) yields explicit expressions for the source moments in terms of variables describing the source (see Ref. [28] and references therein for the many nontrivial details of this procedure). When specialized to quasicircular inspiralling compact binaries, the resulting expressions for the source moments are listed up to 3PN order in Eqs. (5.12)-(5.25) of Ref. [40] .
D. Hereditary contributions to the radiative-multipole moments
Blanchet and Damour [25] give general expressions for the leading post-Minkowskian order hereditary contributions (tail + memory) to the radiative mass-and current-multipole moments for arbitrary l:
The neglected terms at O(G 2 ) are tail-of-tails like terms and other cubically nonlinear interactions. The neglected O(G/c 5 ) terms are quadrupole-quadrupole nonlinearities [as in the second line of Eq. (2.21)] and other instantaneous "canonical moment × canonical moment" type terms.
Using updated notation and incorporating the leadingorder synchronous terms (those depending directly on events on the past null cone) into the tail integrals, the tail terms are given by [see Eq. (98) of Ref. [28] ]:
where the constants κ l and π l are
(2.25) The memory term only affects the mass moments at O(G) and is given by [Eq. (2.43c) of Ref. [25] ]:
(2.26) Here dEgw dtdΩ is the GW energy flux, t is a dummy variable for the radiative coordinate time; n i is a general unit vector centered at the source that points in the direction of the spherical polar angles (θ, φ) [distinct from the direction N i from the source to the observer and the corresponding angles (Θ, Φ) appearing in the polarization waveforms]; and the angular integral is over the angles (θ, φ [26, 32] that the memory depends on the full GW energy flux. So Ref. [25] 's equation for the memory [their Eq. (2.43c)] is naturally extended to higher post-Minkowskian orders by using the full energy flux to the highest-PN-order known.
Note that we are ignoring the "linear memory" contribution to U L . We also note that changes in the derivatives of the canonical-current moments S (l) L lead to linear memory contributions to the radiative-current moments V L [25] . The linear memory does not directly contribute to the Christodoulou memory and vanishes for quasicircular, inspiralling binaries that remain bound in the infinite past (but see Sec. V B below). For bound astrophysical binaries whose components were formed, captured, exchanged, or underwent mass loss long before the GW driven regime, the linear memory is negligible. Note also that while there is no nonlinear, hereditary memory contribution to the radiativecurrent multipoles, there is a nonlinear, "nonhereditary" DC (nonoscillatory) effect that arises from the 1.5PN correction to V ijk ; see the discussion in Sec. V A below.
The GW energy flux can be computed from the GW stress-energy tensor and is given by [27] 
27) where the angled brackets mean to average over several wavelengths, and we have used Eq. (2.5) to arrive at the last equality. Using Eq. (2.6) we can write the energy flux in terms of the h lm modes: 
(1)
or its simpler expression in terms of the "scalar" moments:
In these expressions the "pure-spin" tensor spherical harmonics T
E2,lm jk
and T
B2,lm jk
are related to the spinweighted spherical harmonics by Eqs. (2.38) of Thorne [27] , and the summation limits are as in Eq. (2.28).
The memory contributions to the waveform polarizations are conveniently computed by directly evaluating the h lm modes of Eq. (2.6) in terms of the memory contributions to the U lm multipoles. This requires computing the "scalar" version of the memory piece of the radiative mass-multipole moment U 
(2.31) This is the primary equation that we need to evaluate in order to compute the nonlinear memory and its PN corrections.
For completeness, the combined contributions to the waveform modes from all of the hereditary and synchronous terms discussed in this section are given by 
where G s1s2s3 l1l2l2m1m2m3 is an angular integral related to Eq. (3.2) and is given in Appendix A. 
Since the leading l = 2 term is of order O(v 5 ), our knowledge of the waveform to relative 3PN order implies that we must evaluate the sums in the energy flux or Eq. , what values of l and m do we need to compute? To determine this we first note that the φ integrals in Eq. (3.2) ,
the product appearing in Eq. (3.3) is proportional tȯ
where ϕ is the orbital phase, x ≡ (M ω) 2/3 is the standard PN expansion parameter for circular orbits, and n ≥ 5. Combining with the above-mentioned selection rule, the time integral in Eq. (2.31) leads to two types of integrals:
+ (higher order terms) for m = 0, and (3.7a)
+ (higher order terms) for m = 0, (3.7b)
[see also Eqs. (1.10) and Ref. [35] ]. The m = 0 terms yield oscillatory contributions to the waveform polarizations that enter at higher PN orders than the nonoscillatory, m = 0 terms. In a complete computation of the waveform, these oscillatory pieces contribute to the full-waveform beginning at 2.5PN order. Since we are interested only in the nonoscillatory memory effect, we will only focus on computing the m = 0 terms in U (mem) lm . However the procedure discussed here can also be used to compute the m = 0 oscillatory terms.
We also note here that the restriction of the memory to the m = 0 modes is largely a consequence of choosing our coordinate system such that the binary's motion is confined to the x-y plane. This choice allows the h lm modes to be proportional to e −imϕ(t) . A rotation of our coordinate system (or equivalently a rotation of the orbital angular momentum) would mix the m modes and lead to nonoscillatory memory terms in the m = 0 modes as well.
To determine the maximum value of l that is needed in U (mem) l0
, we first consider the angular integral in Eq. (2.26), where the energy flux is given by Eq. (2.29). The STF properties of the radiative multipoles, combined with the Kronecker deltas that result from angular integrals over the products of n j , require that the maximum l for which U 
The STF properties of Y lm L and U L then require that the index coupling that maximizes l be of the form .3)-(9.4) of Ref. [40] ] are explicitly differentiated with respect to time. The details of this time differentiation are discussed in detail in Appendix B. The essence of the calculation involves expressing the amplitude and phase of h lm entirely in terms of the PN parameter x and then computing the time derivative viȧ h lm [x(t)] =ẋ(dh lm /dx). The formula forẋ is itself derived in the next section from the 3PN GW luminosity and is directly related to the rate-of-change of the orbital frequency (which is itself a crucial quantity needed for the detection of inspiralling binaries with LIGO and other detectors). Once these derivatives are computed and substituted into the expanded sum on the right-hand side of Eq. (3.3), the result is series expanded to the PN order appropriate for the given (l, m) mode. 12 The resulting expressions for the U The odd-l moments vanish up to the required PN order: ] involve only integrals of the second type. Arun et al. [35] discuss in detail an adiabatic model for the evolution of the source that consists of an inspiralling binary described by the leading-order (2.5PN) radiation-reaction formulas. Since we are here computing 3PN corrections to the memory terms considered in Ref. [35] , we must extend our adiabatic model of the inspiral to three PN orders beyond the leading-order model considered there.
It is important to note that this adiabatic model is an idealization representing a binary whose orbit has been decaying along quasicircular orbits from infinite separation solely via gravitational radiation reaction. In reality a binary is formed or captured with some initial separation and eccentricity. This formation or capture, as well as perturbations to its orbital elements (e.g., via mass loss or gravitational 3-body scattering) may have caused additional linear or nonlinear memory contributions. The adiabatic model used here ignores these issues and assumes a perfect quasicircular inspiral from infinite initial orbital separation. This is likely to be a good approximation if deviations from quasicircularity occurred in the very distant past (long before the binary is observed). Future work will test this approximation by including the effects of the binary's eccentricity (which grows in the past) [91] .
The main "trick" in computing the time integrals of Eqs. (3.13) is to simply change variables from time t to the PN expansion parameter x:
where we have used the fact that x → 0 in the infinite past. While computing the Newtonian-order memory requires only the leading-order contribution toẋ, calculation of the 3PN memory requires the 3PN corrections toẋ. This 3PN formula forẋ (which is often expressed in terms ofω and ω in the literature) is the essence of our 3PN adiabatic model. Applying the chain rule we can expressẋ in terms of the orbital energy and the GW luminosity L = −Ė,
The 3.5PN orbital energy is given by Eq. (5) 
IV. RESULTS: MEMORY CONTRIBUTIONS TO THE WAVEFORM MODES AND POLARIZATIONS
Rather than listing the resulting expressions for U (mem) l0
, we instead list the memory contributions to the spin-weighted spherical-harmonic modes of the polarization waveform [Eq. (2.7)]. These quantities are simply related via
where we have followed the notation of Sec. 9 of Ref. [40] . The notational parameter α accounts for the two commonly used choices for the polarization triad (see discussion in Sec. II A): Choosing α = −1, these expressions can be directly combined with Eqs. (9.4) of Ref. [40] to give all of the 3PN contributions to the spin-weighted spherical-harmonic modes h lm . Note that all of the contributions to the m = 0, even-l modes arise solely from the Christodoulou memory piece of U lm . There are no hereditary-memory contributions to the radiative current-multipole moments V lm . However, there is a nonhereditary DC contribution to h 30 at 2.5PN order arising from the nonlinear corrections to V ijk . This is discussed in Sec. V A below.
Combining the above modes with Eq. (2.6), we can explicitly compute the memory contributions to the + waveform polarization. Following the notation in Ref. [40] we factor the waveform as
The memory contributions to H (n/2) + are: Eqs. (8.9) of Ref. [40] to yield the total + polarization. For reference, we also recall the leading-order, nonmemory contributions to the polarizations:
where Θ = ι and Φ = π/2 in the conventions of Ref. [40] . We note the following features of the memory waveform: (i) As pointed out previously by Ref. [40] , there is no memory term at 0.5PN order; we see here that the 1.5PN contribution to the memory also vanishes. (ii) The 2.5PN term vanishes for equal-mass binaries. Even in the η → 0 limit, the 2.5PN term has the smallest magnitude of all the nonvanishing PN terms computed here. (iii) Aside from the nonhereditary DC term discussed below, all of the hereditary memory terms only affect the + polarization. This arises from the choice of our polarization triad, the fact that the U (mem) l0 are all real, and the absence of hereditary-memory contributions in the radiative-current multipoles. A rotation of the polarization triad would cause nonlinear memory contributions to both polarizations. (iv) As expected for m = 0 modes in a planar system, the memory contribution to the polarizations is independent of the angle Φ. (v) Lastly, note that the memory pieces of the waveform are entirely free of any arbitrary constants (such as r 0 ) that arise in the MPM formalism (Sec. II B). Figure 1 indicates several more features of the PN cor-rections to the memory waveform: modulo some factors, these plots display the memory contribution to the + waveform polarization [Eqs. (4.4)-(4.6)] from 0PN to 3PN orders (e.g., the 3PN curves contain all PN terms up to and including the 3PN terms). In the top row we see that the angular dependence is qualitatively similar at each PN order, with the memory's amplitude peaking at Θ = π/2. The bottom plots show how the PN corrections to the memory depend on the PN parameter x, with x ranging from 1/30 (r ≈ 30M ) to 1/5 (approximately corresponding to the last stable orbit at harmonic coordinate radius r ≈ 5M ).
14 While the 0PN piece of the memory increases linearly with x, the higher PN correction terms tend to decrease the memory: for example, for η = 0.25 and x = 1/5, the 3PN memory is smaller than the 0PN memory by a factor of ≈ 0.74. Although the memory contribution to h + vanishes in the η → 0 limit, the plots have factored out the leading-order η dependence and allow us to compare the equal-mass and extreme-mass-ratio limits. Notice that as the PN order is increased, the memory waveforms seem to be converging rapidly in the equal-mass limit, but converge more slowly for small mass-ratios. This is consistent with the behavior of the oscillatory pieces of the waveform and the GW luminosity.
V. DISCUSSION
Now that we have completed our derivation of the higher-order PN corrections to the memory waveform, we can address several other memory-related issues. The first two subsections below discuss additional nonoscillatory contributions to the waveform. In the last two subsections we address the challenges associated with computing the nonlinear memory in numerical relativity (NR) simulations and observing memory in gravitational-wave (GW) detectors.
Throughout this paper and elsewhere in the literature, memory effects are often referred to as DC (for "direct-current") effects in the waveform. This terminology should be taken to mean simply that the memory is a nonoscillatory modulation of the waveform, in contrast to the AC or oscillatory waveform modulations. In particular we note that DC waveform corrections are generally not constant offsets in the polarizations but can vary with time. For bound binaries this variation usually proceeds on a slow (radiation-reaction) time scale rather than an orbital time scale. For example, the GW modes for quasicircular binaries can be expanded in a Fourier series of the form
where Ω ≡ 1/t ω(t)dt and H {n} lm is some mode amplitude function. In the absence of radiation-reaction Ω and H {n} lm are constant, but they are slowly evolving functions of time when radiation-reaction is included. In such a sum the DC terms are those corresponding to n = 0. We note that this Fourier index n is generally distinct from the azimuthal angular index m, but, for the conventional choice in which the orbit lies in the x-y plane, n = m, and we can remove the sum in Eq. (5.1) .
A. The nonlinear, nonhereditary DC term
In addition to the nonlinear, Christodoulou memory which has been the primary focus of this investigation, a new type of nonlinear, zero-frequency term has recently been discovered by Arun et al. [35] . Unlike the hereditary memory discussed here, this term is nonhereditary and has its origin in the (mass quadrupole)×(mass quadrupole) and (current dipole)×(mass quadrupole) terms that arise in the 1.5PN corrections to the radiative current-octupole moment [Eq. (5.6b) of Ref. [40] ]:
and the last three terms in Eq. (5.2) give rise to the nonhereditary DC effect. We can gain further insight into this effect by expanding Eq. (5.2) on the basis of STF spherical harmonics. Using Eq. (2.8b) to compute V 3m from V ijk and Eq. (2.10a) to express M ij in terms of M 3m , the radiative currentoctupole moment can be written as
3m (τ )dτ, (5.5)
where we have used S i = J z δ z i and M 2±1 = 0 (for orbits in the x-y plane). Since for quasicircular and planar orbits the canonical-mass moments are proportional to M lm ≈ I lm ∝ e −imϕ , one can easily see that the sinusoidal dependence on ϕ cancels in V
30 above. Unlike the Christodoulou memory the nonlinear, nonhereditary DC effect originating from V (B) 30 modifies the × polarization waveform at the 2.5PN order. In the notation of Sec. IV, this term provides the following contribution to the h lm modes [Eq. (9.4g) of Ref. [40] ], 8) and to the × polarization [Eq. (5.10) of Ref. [35] ],
It is not clear if there is a simple physical explanation for this nonlinear, nonhereditary DC term. Because of its high PN order, it is likely to be of much less observational significance than the Christodoulou memory. It is also not clear if this term leads to a "true" memory in a GW detector, i.e., a displacement in the detector that persists after the GW has passed [96] . It is possible that this nonhereditary, DC waveform correction grows during the inspiral phase, but then decays to zero during the merger and ringdown, leaving no net memory. Nonetheless, it is interesting that this type of nonlinearity [the canonical-moment coupling in Eq. (5.2)] can give rise to a DC effect in the waveform. It is possible that other multipole interactions of this type could contribute additional nonhereditary DC terms at higher PN orders.
B. Linear DC effects in bound binaries
Linear memory is generally considered to arise from permanent differences between late and early times in the derivatives of the source moments ∆I lm ]. While unbound orbits derive their memory from changes in the derivatives of the source moments, bound orbits are generally thought to have vanishing linear memory. Here we argue that bound orbits that undergo gravitational radiation-reaction-or any other nonperiodic, secular change-can also display nonoscillatory (DC) waveform components resulting from long-timescale changes in the derivatives of the sourcemultipole moments.
For example, consider the source mass-multipole moments written in the form
The
lm that enter the waveform can display linear memory from differences in the phase angle ϕ. 15 But for bound orbits, these modes yield purely oscillatory contributions to the polarizations.
To see a linear DC effect for bound orbits one has to examine the m = 0 modes. For quasicircular orbits the time derivatives of the m = 0 moments are dominated by the derivatives d n /dt n (e −imϕ ) ∝ ω n e −imϕ , with the derivatives of r(t) contributing small, oscillatory corrections at 2.5PN and higher orders. But for the m = 0 modes, the derivatives of r(t) dominate. For example, for l = 2, m = 0, the second derivative of the source massquadrupole moment is
This term arises from the noncircularity of the orbit induced by radiation-reaction. Analogous formulas hold for higher l values and for the source-current moments. Terms of this form vanish in the distant past, are slowly growing, and nonoscillatory. They contribute DC terms to the waveform at 5PN and higher orders (and are thus negligible for most sources). Furthermore, these DC effects in bound binaries need not only result from gravitational radiation-reaction. Consider, for example, a compact body orbiting inside a dense accretion disk that surrounds a massive black hole. Viscous forces inside the disk will also cause an inward radial velocityṙ, producing a slowly changing, nonoscillatory contribution to I (l) l0 and J (l) l0 , and a resulting DC contribution to the waveform. One can imagine other gravitational and nongravitational forces that might produce a similar DC effect.
As with the nonlinear, nonhereditary DC term discussed in Sec. V A, it is not clear if these linear DC effects give rise to a permanent memory. It is possible that these DC contributions to the waveform will vanish at late times.
C. Memory in numerical simulations
While post-Newtonian calculations can only reliably determine the memory during the inspiral phase, in a quasi- )], where the argument of periastron lies on the +x axis. Here the linear memory arises from different incoming and outgoing phase angles ϕ (±) = ± arccos(−1/e 0 ). See also Eqs. (15) of Ref. [32] which are equivalent to this result.
circular binary most of the memory will accumulate during the merger and ringdown when GW emission is greatest [36] (see also the discussion in Sec. III C above). Numerical relativity (NR) simulations would thus seem to be an obvious approach for calculating the full nonlinear memory from coalescing compact binaries. However the accurate computation of the GW memory from NR simulations faces several challenges.
Restricting our discussion to nonspinning, quasicircular binaries orbiting in the x-y plane, numerical relativity simulations can most accurately calculate the dominant l = m = 2 mode of the waveform. However no memory effect is present in this mode. The nonlinear memory is only present in the m = 0 modes which have not been examined (to my knowledge) in any of the published papers on NR simulations of quasicircular, inspiralling binaries. These m = 0 modes tend to be much smaller in magnitude and depend more sensitively than other modes on the initial conditions of the simulations. To see why this is so, we begin by considering the two ways in which gravitational radiation is typically calculated in NR simulations. The most widely used approach is to calculate the curvature scalar Ψ 4 and decompose its value at large R into a sum over spin-weighted spherical-harmonic modes: We can use PN waveforms to gain insight into the relative magnitudes of the h lm and ψ lm modes. The h lm modes have been calculated to 3PN order in Refs. [40, 84] . The m = 0 pieces of h lm are computed to 3PN order in Sec. IV above. From these h lm modes it is straightforward to compute the ψ lm modes. This is detailed in Appendix B. Using these results, we plot in Fig. 2 the absolute values of h lm and ψ lm for some selected modes as a function of the PN parameter x.
17 Both plots show some of the largest oscillatory modes for η = 1/4-the (2, 2), (4, 4) , (3, 2) , and (4, 2) modes-as well as selected m = 0 "memory" modes: (2, 0), (3, 0) , and (4, 0) . Notice that when the h lm modes are compared, the h 20 mode has the second largest magnitude after the h 22 mode. Note also the 16 Note that different conventions exist in the literature for the relation between Ψ 4 , h + , and h × . 17 Similar plots from NR simulations that compare the evolution of different (l, m = 0) modes during the merger and ringdown can be found in Fig. 3 of Ref. [99] , Fig. 11 of Ref. [100] , Fig. 2 of Ref. [69] , and Fig. 24 of Ref. [60] .
PN scaling of these h lm modes:
Sill, even though the modes corresponding to the leadingorder Christodoulou memory-h 20 and h 40 -enter at the same PN order as h 22 , they are significantly smaller in magnitude: |h 22 | ≈ 9.7|h 20 | ≈ 850|h 40 | at x ≈ 1/5. This several orders-of-magnitude difference between the dominant (2, 2) mode and the leading-order memory modes means that the memory effect will be difficult to resolve even for simulations that directly compute the modes of the metric perturbation.
As the right plot of Fig. 2 shows, the situation is significantly worse for simulations that extract the gravitational-wave content from the ψ lm modes. In this case the largest memory modes are many orders of magnitude smaller than the largest oscillatory modes. For comparison, the PN scaling of the ψ lm modes is
In terms of the ψ lm modes, the leading-order Christodoulou-memory modes are smaller than the ψ 22 mode by five PN orders. The relative mode magnitudes are |ψ 22 | ≈ 690|ψ 20 | ≈ 4.5 × 10 4 |ψ 40 | at x ≈ 1/5. Significant improvements in the accuracy of NR simulations will be required to resolve these memory modes. Comparison with Fig. 2 of Ref. [69] suggests that current simulations can resolve ψ lm modes that are about two orders of magnitude smaller than the dominant ψ 22 mode.
Numerical relativity simulations face further difficulties in calculating the memory. For those simulations that compute the ψ lm curvature perturbation modes, two time integrations are required to construct the h lm metric perturbation modes. As discussed in detail in Ref. [69] , choosing these integration constants to be zero causes an artificial memory and a slope in the h lm modes (see their Figs. 4 and 5) . This artificial memory is completely nonphysical and appears for all (l, m) modes. It arises from the finite size of the initial separation and extraction radius. The initial burst of "junk" radiation could also contribute to this artificial memory. (These effects are likely responsible for the memory seen in the "Lazarus" simulations of Ref. [101] .) Reference [69] suggests choosing one integration constant so that the h lm modes have zero slope, and choosing the other constant so that the h lm modes have zero offset at late times. This procedure should produce physically accurate metric waveforms for the m = 0 modes (which do not possess any physical memory). However, this procedure will completely cancel any physical memory effect present in the m = 0 modes. Since the ψ l0 modes are so small anyway, this will not be an important issue until NR simulations become more accurate. When that time arrives, one approach to computing those integration constants is to simply match the h lm modes computed from the simulations with their corresponding PN expansions [Eqs. (4. 3)] at large orbital separations.
Simulations that can compute the h lm modes directly do not have the problem of choosing two integration constants. They implicitly assume that the initial value of the asymptotic metric is zero at the start of the simulation. However, in addition to the problem of the h 40 and higher-order memory modes being small in magnitude (and thus hard to resolve), these simulations (as well as those that compute ψ lm ) must also deal with the memory's sensitivity to the past history of the source. To see how this sensitivity comes about, let us examine the leading-(Newtonian)-order piece of the largest memory mode h 20 : 
Since this reduces to the memory from a realistic binary when r 0 → ∞ (or at least when r ≫ M ), we can easily see that NR simulations of binaries at a finite initial separation r 0 would underestimate the size of the memory. The resulting fractional error in the memory when the binary is at a smaller separation r is
For a simulation that starts with an initial separation of 10M , the error in the memory at a harmonic coordinate separation of 5M is 50%. Thus, very large initial separations ( 50M ) are required to compute the memory accurately. (See also Sec. 4.2 of Ref. [35] for a related discussion.) As mentioned above, this issue could be circumvented by using PN expressions for the memory as initial conditions at separations where PN theory is accurate. In addition to the problems mentioned above, other sources of error-such as gauge effects or a finite extraction radius-can contaminate the numerical waveforms and possibly swamp a small memory signal [102] .
While directly extracting the memory from the h lm or ψ lm modes will be difficult, NR could be used to compute the memory indirectly. The effective-one-body (EOB) formalism (see Damour[103] for references) provides a means to compute the h lm modes semianalytically, calibrating their values to NR simulations. Reference [36] has used an EOB calculation of the h 22 mode, combined with leadingorder expressions for the energy flux, to compute the memory for the merger and ringdown phases of binary black-hole coalescence. Another approach is to use a hybrid PN/NR method to compute the memory. This would involve taking the numerical m = 0 h lm modes (or the time integral of the ψ lm modes) computed in an NR simulation and substituting them directly into Eq. (3.3). The resulting angular integrals could be evaluated analytically as was done in Sec. III A. The final time integral must be performed numerically to compute the h (mem) l0 modes, with the PN expressions for the memory in Eqs. (4.3) used to compute the integration constant. This hybrid PN/NR procedure is currently being implemented [104] with the accurate merger waveforms described in Ref. [57] .
D. Detecting memory with gravitational-wave interferometers
While the gravitational-wave memory is an intrinsically interesting effect of general relativity, its scientific relevance relies on its potential for detection. The memory from a GW that passed through a region of space in the distant past (long before the start of the observation) is itself undetectable. In this case, the memory near a detector is simply a small, constant shift in the Minkowski metric, which is unobservable. For example, choosing a TT-coordinate system whose z axis is along the direction of the wave's propagation, the metric at late times is
where h + and h × are constant in space and time near the detector. This metric has vanishing connection coefficients (Γ α βγ = 0) and can be transformed to a new coordinate system via
which has the flat metric
What is actually observable is the buildup of the memory over some observation time as the GWs pass through the detector. The detectability of the memory was first studied by Thorne and Braginsky [3, 22] for unmodeled burst sources. Different types of detectors respond differently to the memory. For a memory with a characteristic rise time τ , 18 If we require the coordinate transformation to be real-valued than we must impose the conditions h + ≥ 0 and h 2 + + h 2 × < 1.
a resonant mass detector will have no significant response to the memory unless its resonant frequency is ≪ 1/τ [3] . A typical rise time for the Christodoulou memory from a merging black-hole binary is τ ∼ (50 − 100)M [36] . Resonant mass detectors typically operate at frequencies > 700 Hz-far too high for them to be sensitive to the GW memory. An ideal laser interferometric detector whose test masses are completely unconstrained would experience a permanent deformation after the GW has passed. In practice, a LIGO-type interferometer has servomechanisms that keep the test mass positions fixed. So while LIGO is sensitive to the buildup of the memory, its design prevents it from physically "storing" the memory indefinitely. In contrast a detector like LISA is designed to be truly freely-falling and could (in principle) be permanently "deformed" by the passage of a GW with memory. However, we emphasize that this late-time deformation is not in itself directly observable except in comparison with some earlier nondeformed state.
Properly computing the memory signal that a detector could measure requires a detailed knowledge of the memory waveform throughout the inspiral and coalescence. This is particularly important for the memory (as opposed to the oscillatory pieces of the GW) because most of the signal amplitude accumulates during the merger and ringdown phases. Kennefick [80] has computed the signal-to-noise ratio (SNR) for the memory by truncating the Newtonian-order memory formula [Eq.(4.6a)] at some critical radius r k /M > (64πη) 2/5 ≈ 4.8 for η = 1/4 [see his Eq. (21)] and assuming the memory remains constant at that value for later times. His approach has several important limitations: (i) the Newtonian approximation is used in the strong field region where it is no longer valid; (ii) the final saturation value of the memory is set by a cutoff separation which is-to some extent-determined arbitrarily; and (iii) the rise and abrupt cutoff of the memory signal does not necessarily mimic its true evolution. The details of how the memory rises and asymptotes to its final saturation value can significantly affect the Fourier transform of the memory signal and the resulting value for the SNR [cf. Fig. 2 of Ref. [36] ].
Rather than model the evolution of the memory signal, the memory's SNR can be crudely estimated using the zero-frequency limit (ZFL) approximation [14, 105, 106, 107] . This is essentially the approach followed by Thorne [22] , who examined the Christodoulou memory from unmodeled GW bursts from merging BHs.
19 However the ZFL is inadequate for computing the memory's SNR for some sources. As is also the case with Kennefick's analysis, the ZFL approach accurately computes the Fourier transform of the memory signal only in the regime where f ≪ 1/τ ∼ 1/(70M ) [36] . For two 10 6 M ⊙ BHs, 1/τ ≈ 0.00145Hz; for two 10M ⊙ BHs, 1/τ ≈ 145Hz. These frequencies lie near the peak sensitivity of space- 19 Note that Thorne's [22] normalization of the SNR should be corrected by multiplying his Eq. (A1) by √ 2 (see footnote 61 of Ref. [108] ).
based [81] and terrestrial [41] interferometric detectors, making the ZFL a poor tool for estimating the memory's SNR for these sources. Kennefick's [80] estimate of the Fourier transform improves upon Thorne's ZFL approach at low frequencies by incorporating a model for the memory's rise during the early inspiral. But Kennefick's model also has large errors at frequencies ∼ 1/τ where much of the SNR is accumulated. Both approaches can potentially make order-of-magnitude errors in the SNR. An improved estimate of the memory's detectability needs to incorporate a model for the memory's evolution during the merger and ringdown, as well as the inspiral. Such a model is developed in Ref. [36] and compared with the approaches of Thorne [22] and Kennefick [80] .
VI. CONCLUSIONS
The nonlinear (Christodoulou) memory is an interesting and potentially observable effect. Previous work has computed only the leading-order memory contributions to the gravitational-wave polarizations [32, 35, 40, 80] . Here the post-Newtonian corrections to the memory for quasicircular, inspiralling binaries have been computed. The main results are the equations listed in Sec. IV which gives the memory's contribution to the waveform's spin-weighted spherical-harmonic modes and the + polarization. These results are illustrated graphically in Fig. 1 and show that the post-Newtonian corrections to the memory are important in the late inspiral. The calculations presented here complete the memory to 3PN order. Other nonoscillatory effects on the waveform were also discussed. In particular, a nonlinear, nonhereditary DC (nonoscillatory) term is present in the × polarization at 2.5PN order [35] , while linear DC terms can enter the waveform at 5PN and higher orders.
While most studies have focused on the memory in quasicircular orbits, the memory should also be calculated for other types of orbits. For hyperbolic orbits with small deflection angles, the nonlinear memory has been calculated in Ref. [32] . In future work the memory for inspiralling eccentric binaries [91] will also be computed. This is especially important because circularized binaries have growing eccentricity in the past, and the nonlinear memory is sensitive to the binary's past history.
One of the main conclusions of this paper is that it will be difficult (but not impossible) to directly extract the memory from numerical relativity waveforms. Nonetheless, numerical relativity will be critical in providing a full understanding of the memory. These simulations will eventually better determine the size of the memory in the late inspiral, and they will also be able to compute the evolution and saturation value of the memory during the merger and ringdown phases of coalescence [36] . The formulas presented here could be compared with the inspiral phase of those future simulations. They could also be used to set the memory's initial value at the start of a simulation.
Detecting the memory in binary black-hole coalescences could serve as a test of general relativity. However, the nonoscillatory nature of the memory makes its detection difficult. Detections will only be likely for sources whose primary waves will have high signal-to-noise ratios, such as supermassive black-hole binaries in the LISA band. This paper argues that previous signal-to-noise ratio estimates of the memory may contain large errors. This issue is investigated further in Ref. [36] .
Aside from the formal mathematical descriptions in Refs. [26, 109] , the memory has only been explored in detail with post-Newtonian theory. It would be interesting to also explore the memory using second-order black-hole perturbation theory. Recent work along these lines has demonstrated a memory effect in the second-order quasinormal modes of the Schwarzschild spacetime [110] . It would also be interesting to see how the nonlinear memory manifests itself in alternative theories of gravity.
p j = 2k j + s j − m j , and k i(j) and k f (j) are defined analogously to the limits in Eq. (2.14). The index j = 1, 2, 3 serves only to label the three harmonics. The integrals we wish to evaluate can then be written as: 
The Φ integral is simply 
The Θ integral can be written as s+m −s Y l −m . While computer algebra programs such as Maple or Mathematica can symbolically evaluate the angular integrals in Eq. (A3) directly, it is significantly faster for those programs to evaluate the result when expressed as the above sum over Gamma functions. This is helpful when many such integrals need to be evaluated for large l values.
We also note that the integral (A3) is proportional to the product of two 3-j symbols or two Clebsch-Gordon coefficients. This follows from the fact that the spinweighted spherical harmonics are related to the Wigner matrices, which have a well-known triple-product integral [cf. Eq.(4.6.2) of Ref. [112] , Eq. (4.62) of Ref. [113] , Eq. (110.3) of Ref. [114] , or Eq. (1.42) of Ref. [115] . However, one must use extreme care when comparing notation, definitions, and phase conventions among different authors. The above formulas provide an explicit result in terms of the Gamma function, which is uniformly defined. In this appendix we outline the computation of the explicit PN expansions (for quasicircular orbits) of the ψ lm modes defined in Eq. (5.12). These expressions are used to justify the results of Sec. V C and in generating the curves in Fig. 2 . The ψ lm modes are directly related to the metric perturbation modes via ψ lm =ḧ lm . The h lm modes are written as
where theĤ lm are given up to 3PN order by Eqs. (9. 
where ln x 0 = is related to the arbitrary constant r 0 appearing in the coordinate transformation in Eq. (2.20) . The orbital phase can be expressed explicitly as a function of time, or more conveniently as a function of x, to 3.5PN order [Eq. (5) of Ref. [83] ]:
